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ON A CLASS OF FULLY NONLINEAR ELLIPTIC EQUATIONS
ON HERMITIAN MANIFOLDS
BO GUAN AND WEI SUN
Abstract. We derive a priori C2 estimates for a class of complex Monge-Ampe`re
type equations on Hermitian manifolds. As an application we solve the Dirichlet
problem for these equations under the assumption of existence of a subsolution; the
existence result, as well as the second order boundary estimates, is new even for
bounded domains in C
n
.
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1. Introduction
Let (Mn, ω) be a compact Hermitian manifold of dimension n ≥ 2 with smooth
boundary ∂M and χ a smooth real (1, 1) form on M¯ := M∪∂M . Define for a function
u ∈ C2(M),
χu = χ +
√−1
2
∂∂¯u
and set
[χ] =
{
χu : u ∈ C2(M)
}
, [χ]+ =
{
χ′ ∈ [χ] : χ′ > 0}.
In this paper we are concerned with the equation for 1 ≤ α ≤ n,
(1.1) χnu =ψχ
n−α
u ∧ ωα in M , .
We require χu > 0 so that equation (1.1) is elliptic; we call such functions admissible
or χ-plurisubharmonic. Consequently, we assume ψ > 0 on M¯ ; equation (1.1) becomes
degenerate when ψ ≥ 0.
When α = n this is the complex Monge-Ampe`re equation which plays extremely
important roles in complex geometry and analysis, especially in Ka¨hler geometry, and
has received extensive study since the fundamental work of Yau [34] (see also [1]) on
compact Ka¨hler manifolds and that of Caffarelli, Kohn, Nirenberg and Spruck [3]
for the Dirichlet problem in strongly pseudoconvex domains in Cn. For α = 1 equa-
tion (1.1) also arises naturally in geometric problems; it was posed by Donaldson [11]
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in connection with moment maps and is closely related to the Mabuchi energy [5],
[33], [28].
Donaldson’s problem assumes M is closed, both ω, χ are Ka¨hler and ψ is constant.
It was studied by Chen [5], Weinkove [32], [33], Song and Weinkove [28] using para-
bolic methods. In [28] Song and Weinkove give a necessary and sufficient solvability
condition. Their result was extended by Fang, Lai and Ma [12] to all 1 ≤ α < n.
In this paper we study the Dirichlet problem for equation (1.1) on Hermitian man-
ifolds. Given ψ ∈ C∞(M¯) and ϕ ∈ C∞(∂M), we wish to find a solution u ∈ C∞(M¯)
of equation (1.1) satisfying the boundary condition
(1.2) u = ϕ on ∂M.
The Dirichlet problem for the complex Monge-Ampe`re equation in Cn was studied
by Caffarelli, Kohn, Nirenberg and Spruck [3] on strongly pseudoconvex domains.
Their result was extended to Hermitian manifolds by Cherrier and Hanani [8], [23],
and by the first author [14] to arbitrary bounded domains in Cn under the assumption
of existence of a subsolution. See also the more recent papers [16], [35], and related
work of Tosatti and Weinkove [29], [30] who completely extended the zero order
estimate of Yau [34] on closed Ka¨hler manifolds to the Herimatian case. In [25] Li
treated the Dirichlet problem for more general fully nonlinear elliptic equations in Cn
but needed to assume the existence of a strict subsolution. Li’s result does not cover
equation (1.1) as it fails to satisfy some of the key structure conditions in [25].
In this paper we prove the following existence result which is new even in the case
when M is a bounded domain in Cn and χ = 0; we assume 2 ≤ α ≤ n − 2 as the
cases α = 1 and α = n − 1 were considered in [17] and [18], while for the complex
Monge-Ampe`re equation (α = n) it was proved in [16].
Theorem 1.1. Let ψ ∈ C∞(M¯), ψ > 0 and ϕ ∈ C∞(∂M). There exists a unique
admissible solution u ∈ C∞(M¯) of the Dirichlet problem (1.1)-(1.2), provided that
there exists an admissible subsolution u ∈ C2(M¯):
(1.3)
{
χnu ≥ ψχn−αu ∧ ωα on M¯
u = ϕ on ∂M.
In order to solve the Dirichlet problem (1.1)-(1.2) one needs to derive a priori C2
estimates up to the boundary for admissible solutions. The most difficult step is
probably the second order estimates on the boundary.
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Theorem 1.2. Suppose ψ ∈ C1(M¯), ψ > 0 and ϕ ∈ C4(∂M) and u ∈ C2(M¯) is an
admissible subsolution satisfying (1.3). Let u ∈ C3(M¯) be an admissible solution of
the Dirichlet problem (1.1)-(1.2). Then
(1.4) max
∂M
|∇2u| ≤ C
where C depends on |u|C1(M¯ ), minψ−1, |u|C2(M¯ ) and min{c1 : c1χu ≥ ω}, as well as
other known data.
This estimate is new for domains in Cn. Note that ∂M is assumed to be smooth
and compact in Theorem 1.2, but otherwise is completely arbitrary. In general, the
Dirichlet problem (1.1)-(1.2) is not always solvable in an arbitrary smooth bounded
domain in Cn without the subsolution assumption. In the theory of nonlinear elliptic
equations, many well known classical results assume certain geometric conditions on
the boundary of the underlying domain; see e.g. [27], [3], [2] and [4]. In [19], [13] and
[14], J. Spruck and the first author were able to solve the Dirichlet problem for real and
complex Monge-Ampe`re equations on arbitrary smooth bounded domains assuming
the existence of a subsolution. Their work was motivated by applications to geometric
problems and had been found useful in some important problems such as the proof
by P.-F. Guan [20], [21] of the Chern-Levine-Nirenberg conjecture [6], and work on
the Donaldson conjectures [10] on geodesics in the space of Ka¨hler metrics; we refer
the reader to [26] for recent progress and further references on this fast-developing
subject.
On a closed Ka¨hler manifold (M,ω), Fang, Lai and Ma [12] proved second and
zero order estimates for equation (1.1) when χ is also Ka¨hler and ψ is constant. We
extend their second order estimates to Hermitian manifolds and for general χ and ψ.
Technically the major difficulty is to control extra third order terms which occur due
to the nontrivial torsion of the Hermitian metric. This was done in [17], [18] for α = 1
and α = n − 1; the case 2 ≤ α ≤ n − 2 is considerably more complicated. In order
to solve the Dirichlet problem we also need global gradient estimates. Following [28]
and [12] let
(1.5) Cα(ω) =
{
[χ] : ∃χ′ ∈ [χ]+, nχ′n−1 > (n− α)ψχ′n−α−1 ∧ ωα}.
Theorem 1.3. Let u ∈ C4(M) ∩ C2(M¯) be an admissible solution of equation (1.1)
where ψ ∈ C2(M¯), ψ > 0. Suppose that χ ∈ Cα(ω). Then there are constants C1, C2
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depending on |u|C0(M¯) such that
(1.6) sup
M
|∇u| ≤ C1(1 + sup
∂M
|∇u|),
(1.7) sup
M
∆u ≤ C2(1 + sup
∂M
∆u).
In particular, if M is closed (∂M = ∅) then |∇u| ≤ C1 and |∆u| ≤ C2 on M .
The cone Cα(ω) was first introduced by Song and Weinkove [28] (α = 1) and Fang,
Lai and Ma [12] who derived the estimate (1.7) on a closed Ka¨hler manifold (M,ω)
when χ is also Ka¨hler and
ψ = cα :=
∫
M
χn∫
M
χn−α ∧ ωα ,
which is a Ka¨hler class invariant. As in [28], [12] the constant C2 in Theorem 1.3 is
independent of gradient bounds, i.e. C2 is independent of C1.
The subsolution assumption (1.3) implies [χ] ∈ Cα(ω). On a closed manifold, a
subsolution must be a solution or the equation has no solution. This is a consequence
of the maximum principle and a concavity property of equation (1.1).
The gradient estimate (1.6) is crucial to the proof of Theorem 1.1 and is also new
when ω and χ are Ka¨hler. Indeed, deriving gradient estimates for fully nonlinear
equations on complex manifolds turns out to be a rather challenging and mostly open
question. Only very recently were Dinew and Kolodziej [9] able to prove the gradient
estimate using scaling techniques and Liouville type theorems for the complex Hessian
equation
(1.8) ωn =ψχn−αu ∧ ωα
on closed Ka¨hler manifolds which is consequently solvable due to the earlier work of
Hou, Ma and Wu [24].
The proof of Theorem 1.3 is carried out in Sections 3 and 5 where we derive the
estimates for |∇u| and ∆u, the gradient and Laplacian of u, respectively. In Section 4
we establish the boundary estimates for second derivatives. These estimates allow us
to derive global estimates for all (real) second derivatives as in Section 5 in [16]
and apply the Evans-Krylov theorem since equation (1.1) becomes uniformly elliptic.
Theorem 1.1 may then be proved by the continuity method. These steps are all well
understood so we shall omit them. In section 2 we recall some formulas on Hermitian
manifolds.
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2. Preliminaries
Let g and ∇ denote the Riemannian metric and Chern connection of (M,ω). The
torsion and curvature tensors of ∇ are defined by
(2.1)
T (u, v) = ∇uv −∇vu− [u, v],
R(u, v)w = ∇u∇vw −∇v∇uw −∇[u,v]w,
respectively. Following the notations in [16], in local coordinates z = (z1, . . . , zn) we
have
(2.2)


gij¯ = g
( ∂
∂zi
,
∂
∂z¯j
)
, {gij¯} = {gij¯}−1,
T kij = Γ
k
ij − Γkji = gkl¯
(∂gjl¯
∂zi
− ∂gil¯
∂zj
)
,
Rij¯kl¯ = −gml¯
∂Γmik
∂z¯j
= − ∂
2gkl¯
∂zi∂z¯j
+ gpq¯
∂gkq¯
∂zi
∂gpl¯
∂z¯j
.
Recall that for a smooth function v, vij¯ = vj¯i = ∂i∂¯jv, vij¯k = ∂kvij¯ − Γlkivlj¯ and
vij¯kl¯ = ∂¯lvij¯k − Γqljviq¯k.
We have (see e.g. [17]),
(2.3)
{
vij¯k − vkj¯i =T likvlj¯ ,
vij¯k¯ − vik¯j¯ =T ljkvil¯,
(2.4)
{
vij¯kl¯ − vij¯ l¯k = gpq¯Rkl¯iq¯vpj¯ − gpq¯Rkl¯pj¯viq¯,
vij¯kl¯ − vkl¯ij¯ = gpq¯(Rkl¯iq¯vpj¯ − Rij¯kq¯vpl¯) + T pikvpj¯l¯ + T qjlviq¯k − T pikT qjlvpq¯.
Let u ∈ C4(M) be an admissible solution of equation (1.1). As in [16] and [17], we
denote gij¯ = χij¯ + uij¯ , {gij¯} = {gij¯}−1 and w = trχ+∆u. Note that {gij¯} is positive
definite. Assume at a fixed point p ∈M that gij¯ = δij and gij¯ is diagonal. Then
(2.5) ui¯ikk¯ − ukk¯i¯i =Rkk¯ip¯up¯i − Ri¯ikp¯upk¯ + 2Re{T jikuij¯k} − T pikT qikupq¯,
and therefore,
(2.6) gi¯ikk¯ − gkk¯i¯i =Rkk¯i¯igi¯i − Ri¯ikk¯gkk¯ + 2Re{T jikgij¯k} − |T jik|2gjj¯ −Gi¯ikk¯
where
(2.7) Gi¯ikk¯ =χkk¯i¯i − χi¯ikk¯ +Rkk¯ip¯χp¯i − Ri¯ikp¯χpk¯ + 2Re{T jikχij¯k} − T pikT qikχpq¯.
6 BO GUAN AND WEI SUN
Let Sk(λ) denote the k-th elementary symmetric polynomial of λ ∈ Rn
Sk(λ) =
∑
1≤i1<···<ik≤n
λi1 · · ·λik .
In local coordinates we can write equation (1.1) in the form
(2.8) F (gij¯) :=
( Sn(λ∗(gij¯))
Sn−α(λ∗(gij¯))
) 1
α
=
( ψ
Cαn
) 1
α
or equivalently,
(2.9) Cαnψ
−1 = Sα(λ
∗(gij¯))
where λ∗(A) and λ
∗(A) denote the eigenvalues of a Hermitian matrix A with respect to
{gij¯} and to {gij¯}, respectively. Unless otherwise indicated we shall use Sα to denote
Sα(λ
∗(gij¯)) when no possible confusion would occur. We shall also occasionally write
F (χu) := F (gij¯) and F (χu) := F (uij¯ + χij¯), etc.
Differentiating equation (2.9) twice at a point p where gij¯ = δij and gij¯ is diagonal,
we obtain
(2.10) Cαn∂l(ψ
−1) = −
∑
i
Sα−1;i(g
i¯i)2gi¯il
and
(2.11)
Cαn ∂¯l∂l(ψ
−1) = −
∑
i
Sα−1;i(g
i¯i)2gi¯ill¯ +
∑
i,j
Sα−1;i(g
i¯i)2gjj¯(gij¯lgji¯l¯ + gji¯lgij¯l¯)
+
∑
i 6=j
Sα−2;ij(g
i¯i)2(gjj¯)2
(
gi¯ilgjj¯l¯ − gji¯lgij¯ l¯
)
where for {i1, · · · , is} ⊆ {1, · · · , n},
Sk;i1···is(λ) = Sk(λ|λi1=···=λis=0).
We need the following inequality from [22]; see also Proposition 2.2 in [12],
(2.12)
n∑
i=1
Sα−1;i(λ)
λi
ξiξ¯i +
∑
i,j
Sα−2;ij(λ)ξiξ¯j ≥
∑
i,j
Sα−1;i(λ)Sα−1;j(λ)
Sα(λ)
ξiξ¯j ≥ 0
for λ = (λ1, . . . , λn), λi > 0 and (ξ1, . . . , ξn) ∈ Cn. Apply (2.12) to λi = gi¯i, ξi =
(gi¯i)2gi¯il and sum over l. We see that
(2.13)
∑
i,l
Sα−1;i(g
i¯i)3gi¯ilgi¯il¯ +
∑
i 6=j
∑
l
Sα−2;ij(g
i¯i)2(gjj¯)2gi¯ilgjj¯l¯ ≥ 0.
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Note also that ∑
i 6=j
(Sα−1;i − Sα−2;ijgjj¯)(gi¯i)2gjj¯gji¯lgij¯ l¯ ≥ 0.
We obtain from (2.11),
(2.14)
∑
i
Sα−1;i(g
i¯i)2gi¯ill¯ ≥
∑
i,j
Sα−1;i(g
i¯i)2gjj¯gij¯lgji¯l¯ − C.
Let u ∈ C2(M¯), χu > 0 such that
(2.15) nχn−1u > (n− α)ψχn−α−1u ∧ ωα.
Thus there is ǫ > 0 such that
(2.16) ǫω ≤ χu ≤ ǫ−1ω.
The key ingredient of our estimates in the following sections is the following lemma.
Lemma 2.1. There exist constants N, θ > 0 such that when w ≥ N at a point p
where gij¯ = δij and gij¯ is diagonal,
(2.17)
∑
i
Sα−1;i(g
i¯i)2(ui¯i − ui¯i) ≥ θ
∑
i
Sα−1;i(g
i¯i)2 + θ
and, equivalently,
(2.18)
∑
i,j
F ij¯(uij¯ − uij¯) ≥ θ
∑
i,j
F ij¯gij¯ + θ.
Here and in the rest of this paper,
F ij¯ =
∂F
∂gij¯
(gij¯).
It is well known that {F ij¯} is positive definite.
An equivalent form of Lemma 2.1 and its proof are given in [12] (Theorem 2.8); see
also [15] where it is proved for more general fully nonlinear equations. So we shall
omit the proof here.
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3. The gradient estimates
In this section we establish the a priori gradient estimates.
Proposition 3.1. Suppose χ ∈ Cα(ω) and let u ∈ C3(M) ∩ C1(M¯) be an admissible
solution of (1.1). There is a uniform constant C > 0 such that
(3.1) sup
M¯
|∇u| ≤ C(1 + sup
∂M
|∇u|).
Proof. Let u ∈ C2(M¯), χu > 0 satisfy (2.15) and consider φ = Aeη where
η = u− u+ sup
M
(u− u)
and A is a constant to be determined. Suppose the function eφ|∇u|2 attains its
maximal value at an interior point p ∈ M . Choose local coordinate around p such
that gij¯ = δij and gij¯ is diagonal at p. At p we have
(3.2)
∂i(|∇u|2)
|∇u|2 + ∂iφ = 0,
∂¯i(|∇u|2)
|∇u|2 + ∂¯iφ = 0
and
(3.3)
∂¯i∂i(|∇u|2)
|∇u|2 −
∂i(|∇u|2)∂¯i(|∇u|2)
|∇u|4 + ∂¯i∂iφ ≤ 0.
By direct computation,
(3.4) ∂i(|∇u|2) =
∑
k
(ukuik¯ + ukiuk¯),
(3.5)
∂¯i∂i(|∇u|2) =
∑
k
(uki¯uk¯i + ukiuk¯i¯ + uki¯iuk¯ + ukuk¯i¯i)
=
∑
k
(ukiuk¯i¯ + ui¯ikuk¯ + ui¯ik¯uk +Ri¯ikl¯uluk¯)
+
∑
k
∣∣∣uk¯i −∑
l
T kilul¯
∣∣∣2 −∑
k
∣∣∣∑
l
T kilul¯
∣∣∣2.
Therefore, by (2.3) and (2.10),
(3.6)
∑
i
Sα−1;i(g
i¯i)2∂¯i∂i(|∇u|2) ≥
∑
i,k
Sα−1;i(g
i¯i)2|uki|2
−C|∇u|2 − C|∇u|2
∑
i
Sα−1;i(g
i¯i)2.
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From (3.2) and (3.4),
(3.7)
∣∣∂i(|∇u|2)∣∣2 = ∣∣∣∑
k
ukiuk¯
∣∣∣2 − 2|∇u|2∑
k
Re
{
ukuik¯φi¯
}− ∣∣∣∑
k
ukuik¯
∣∣∣2
≤ |∇u|2
∑
k
|uki|2 − 2|∇u|2
∑
k
Re
{
ukuik¯φi¯
}
by Schwarz inequality.
Combining (3.3), (3.6) and (3.7) we derive
(3.8)
∑
i
Sα−1;i(g
i¯i)2(φi¯i − C) + 2|∇u|2
∑
i,k
Sα−1;i(g
i¯i)2Re
{
ukuik¯φi¯
} ≤C.
Next,
∂iφ = φ ∂iη, ∂¯i∂iφ = φ (|∂iη|2 + ∂¯i∂iη).
Therefore,
(3.9) 2φ
−1
∑
k
Re
{
ukuik¯φi¯
} ≥ 2gi¯iRe{uiηi¯}− 12 |∇u|2|ηi|2 − C
and
(3.10)
∑
i
Sα−1;i(g
i¯i)2ηi¯i +
1
2
∑
i
Sα−1;i(g
i¯i)2|ηi|2
≤ − 2|∇u|2
∑
i
Sα−1;ig
i¯iRe
{
uiηi¯
}
+
C
φ
+C
(1
φ
+
1
|∇u|2
)∑
i
Sα−1;i(g
i¯i)2.
For N > 0 sufficiently large so that Lemma 2.1 holds, we consider two cases: (a)
w > N and (b) w ≤ N . Without loss of generality we can assume that |∇u| > |∇u|
at p or otherwise we are done. Note that
(3.11) − 2|∇u|2
∑
i
Sα−1;ig
i¯iRe
{
uiηi¯
} ≤ 4∑
i
Sα−1;ig
i¯i = 4αSα.
In case (a) we have by Lemma 2.1
(3.12)
∑
i
Sα−1;i(g
i¯i)2ηi¯i ≥ θ + θ
∑
i
Sα−1;i(g
i¯i)2.
So if Sα−1;i(g
i¯i)2 ≥ K for some i and K sufficiently large we derive a bound |∇u| ≤ C
from (3.10) and (3.11) when A is sufficiently large.
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Suppose that Sα−1;i(g
i¯i)2 ≤ K for all i and assume g11¯ ≤ · · · ≤ gnn¯. Note that
α∏
i=1
gi¯i ≥ Sα
Cαn
=
1
ψ
.
We have
g11¯
ψ
≤ (g11¯)2
α∏
i=2
gi¯i ≤ Sα−1;1(g11¯)2 ≤ K.
Therefore, for all 1 ≤ i ≤ n,
Sα−1;i ≤ Cα−1n (g11¯)α−1 ≤ Cα−1n (Kψ)α−1 ≤ K ′.
By Schwarz inequality,
(3.13)
−2
∑
i
Sα−1;ig
i¯iRe
{
uiηi¯
} ≤ 4∑
i
Sα−1;i +
1
4
|∇u|2
∑
i
Sα−1;i(g
i¯i)2|ηi|2
≤ 1
4
|∇u|2
∑
i
Sα−1;i(g
i¯i)2|ηi|2 + C.
From (3.10), (3.12) and (3.13) we obtain
θ
C
− 1
φ
− 1|∇u|2 ≤ 0.
This gives a bound for |∇u| when A is chosen sufficiently large.
In case (b) we have
(3.14)
∑
i
Sα−1;i(g
i¯i)2|ηi|2 ≥ |∇η|2min
i
Sα−1;i(g
i¯i)2 ≥ |∇η|
2
wα+1
≥ |∇η|
2
Nα+1
.
Substituting this into (3.10), we derive from (3.11) and (2.16),
(3.15)
|∇η|2
2Nα+1
≤ 5αSα + C
φ
+
(C
φ
+
C
|∇u|2 − ǫ
)∑
i
Sα−1;i(g
i¯i)2.
This gives a bound |∇u| ≤ C. 
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4. Boundary estimates for second derivatives
In this section we prove Theorem 1.2. Throughout this section we assume that ϕ
is extended smoothly to M¯ and that u ∈ C2(M¯) is a subsoltuion satisfying (1.3). As
in [16] and [18] we follow the idea of [19], [13], [14] to use u − u in construction of
barrier functions.
To derive (1.4) let us consider a boundary point 0 ∈ ∂M . We use coordinates
around 0 such that ∂
∂xn
is the interior normal direction to ∂M at 0 and gij¯(0) = δij .
For convenience we set
t2k−1 = xk, t2k = yk, 1 ≤ k ≤ n− 1; t2n−1 = yn, t2n = xn.
Since u− ϕ = 0 on ∂M , one derives
(4.1) |utαtβ (0)| ≤ C, α, β < 2n
where C depends on |u|C1(M¯), |u|C1(M¯), and geometric quantities of ∂M .
To estimate utαxn(0) for α ≤ 2n, we shall employ a barrier function of the form
(4.2) v = (u− u) + tσ − Tσ2 in Ωδ =M ∩ Bδ
where t, T are positive constants to be determined, Bδ is the (geodesic) ball of radius
δ centered at p, and σ is the distance function to ∂M . Note that σ is smooth in
Mδ0 := {z ∈M : σ(z) < δ0} for some δ0 > 0.
Lemma 4.1. There exists c0 > 0 such that for T sufficiently large and t, δ sufficiently
small, v ≥ 0 and
(4.3)
∑
i,j
F ij¯vij¯ ≤ −c0
(
1 +
∑
i,j
F ij¯gij¯
)
in Ωδ.
Proof. The proof is very similar to that of Lemma 5.1 in [18]; for completeness we
include it here. First of all, since σ is smooth and σ = 0 on ∂M , for fixed t and T we
may require δ to be so small that v ≥ 0 in Ωδ. Next, note that∑
i,j
F ij¯σij¯ ≤ C1
∑
i,j
F ij¯gij¯
for some constant C1 > 0 under control. Therefore,
(4.4)
∑
i,j
F ij¯vij¯ ≤
∑
i,j
F ij¯(uij¯ − uij¯) + C1(t + Tσ)
∑
i,j
F ij¯gij¯ − 2T
∑
i,j
F ij¯σiσj¯ .
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Fix N > 0 sufficiently large so that Lemma 2.1 holds. At a fixed point in Ωδ, we
consider two cases: (a) w ≤ N and (b) w > N .
In case (a) let λ1 ≤ · · · ≤ λn be the eigenvalues of {gij¯}. We see from equation (2.8)
that there is a uniform lower bound λ1 ≥ c1 > 0. Consequently, c2I ≤ {F ij¯} ≤ 1c2 I
for some constant c2 > 0 depending on N and c1, and hence
(4.5)
∑
i,j
F ij¯σiσj¯ ≥ c2|∇σ|2 = c2
4
.
Since F is homogeneous of degree one, by (4.4), (4.5) and (2.16),
(4.6)
∑
i,j
F ij¯vij¯ ≤ F (gij¯) + (C1(t+ Tσ)− ǫ)
∑
i,j
F ij¯gij¯ −
c2T
2
≤ − ǫ
2
(
1 +
∑
i,j
F ij¯gij¯
)
if we fix T sufficiently large and require t and δ small to satisfy C1(t+ Tδ) ≤ ǫ/2.
Suppose now that w > N . By Lemma 2.1 and (4.4), we may further require t and
δ to satisfy C1(t+ Tδ) ≤ θ/2 so that (4.3) holds. 
Using Lemma 4.1 we may derive as in [16] (but see [18] for some corrections) the
estimates |utαxn(0)| ≤ C (and therefore |uxntα(0)| ≤ C) for α < 2n; we shall omit the
proof here. It remains to prove
(4.7) gnn¯(0) ≤ C.
The proof below uses an idea of Trudinger [31].
Let TC∂M be the complex tangent bundle and
T 1,0∂M = T 1,0M
⋂
TC∂M = {ξ ∈ T 1,0M : dσ(ξ) = 0}.
Let χˆu and ωˆ denote the restrictions to TC∂M of χu and ω respectively. As in [18]
we only have to show that
m0 := min
∂M
nxˆn−1u
ψ(n− α)χˆn−α−1u ∧ ωˆα
> 1.
Suppose that m0 is reached at a point 0 ∈ ∂M . Let τ1, · · · , τn−1 be a local frame
of vector fields in T 1,0C ∂M around 0 such that g(τβ, τ¯γ) = δβγ for 1 ≤ β, γ ≤ n − 1
and τβ =
∂
∂zβ
at 0. We extend τ1, . . . , τn−1 by their parallel transports along geodesics
normal to ∂M so that they are smoothly defined in a neighborhood of 0. Denote
u˜βγ¯ = uτβ τ¯γ and g˜βγ¯ = u˜βγ¯ + χ(τβ, τ¯γ), 1 ≤ β, γ ≤ n− 1, etc. On ∂M we have
(4.8)
nχˆn−1u
ψ(n− α)χˆn−α−1u ∧ ωˆα
=
Cαn
ψ
Sn−1(g˜βγ¯)
Sn−α−1(g˜βγ¯)
.
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Define, for a positive definite (n− 1)× (n− 1) Hermitian matrix {rβγ¯},
G[rβγ¯ ] :=
(
Sn−1(λ(rβγ¯))
Sn−α−1(λ(rβγ¯))
) 1
α
,
where λ(rβγ¯) denotes the ordinary eigenvalues of {rβγ¯} (with respect to the identity
matrix I), and let
Gβγ¯0 =
∂G
∂rβγ¯
[gβγ¯(0)].
Note that G is concave and homogeneous of degree one. Therefore,
(4.9)
∑
β,γ<n
Gβγ¯0 rβγ¯ ≥ G[rβγ¯]
for any {rβγ¯}. In particular, since uβγ¯(0) = uβγ¯(0) + (u− u)xn(0)σβγ¯(0), we have
(4.10)
G[gβγ¯(0)] =
∑
β,γ<n
Gβγ¯0 gβγ¯(0)
=
∑
β,γ<n
Gβγ¯0 (χβγ¯(0) + uβγ¯(0)) + (u− u)xn(0)
∑
β,γ<n
Gβγ¯0 σβγ¯(0).
We shall need the following elementary lemma.
Lemma 4.2. Let
A =
[
B C
C¯ ′ ann¯
]
be a positive definite Hermitian matrix. Then
(4.11) Gα(B) ≥ (1 + c0) Sn(λ(A))
Sn−α(λ(A))
where c0 > 0 depends on the lower and upper bounds of the eigenvalues of A.
Proof. It is straightforward to verify that[
I 0
C¯ ′B−1 1
] [
B C
C¯ ′ ann¯
] [
I B−1C
0 1
]
=
[
B 0
0 ann¯ − C¯ ′B−1C
]
.
So
detA = (ann¯ − C¯ ′B−1C) detB.
We now claim
Sn−α(λ(A)) ≥ (ann¯ − C¯ ′B−1C)Sn−α−1(λ(B)) + Sn−α(λ(B)).
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To see this we can assume B is diagonal and consider a submatrix of A of the form
AJ =
[
BJ CJ
C¯J
′
ann¯
]
.
We have
C¯ ′B−1C ≥ C¯J ′B−1J CJ ≥ 0
since B is positive definite and C¯ ′ is the conjugate transpose of C. Therefore,
detAJ = (ann¯ − C¯J ′B−1J CJ) detBJ ≥ (ann¯ − C¯ ′B−1C) detBJ .
The claim and (4.11) now follow easily. 
We continue the proof of (1.4). Suppose that for some small θ0 > 0 to be determined
later,
−
∑
β,γ<n
(u− u)xn(0)Gβγ¯0 σβγ¯(0) ≤ θ0
∑
β,γ<n
Gβγ¯0 (χβγ¯(0) + uβγ¯(0)).
Then,
(4.12)
G[gβγ¯(0)] ≥ (1− θ0)
∑
β,γ<n
Gβγ¯0 (χβγ¯(0) + uβγ¯(0))
≥ (1− θ0)G[χβγ¯(0) + uβγ¯(0)]
≥ (1− θ0)(1 + c0)F (χu)
≥ (1− θ0)(1 + c0)
(
ψ(0)
Cαn
) 1
α
.
The second and fourth inequalities follow from (4.9) and (1.3), respectively, while the
third from Lemma 4.2. Choosing θ0 small enough, we obtain
m0 =
Cαn
ψ(0)
G[gβγ¯(0)]
α ≥ 1 + θ0
2
.
Suppose now that
−(u− u)xn(0)
∑
β,γ<n
Gβγ¯0 σβγ¯(0) > θ0
∑
β,γ<n
Gβγ¯0 (χβγ¯(0) + uβγ¯(0)).
On ∂M , u˜βγ¯ = ϕ˜βγ¯ + (u− ϕ)ν σ˜βγ¯ where
ν =
2n∑
k=1
νk
∂
∂tk
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is the interior unit normal vector field to ∂M . We have |νk| ≤ Cρ for k < 2n and
|(u− ϕ)tk | ≤ Cρ since νk(0) = 0 for k < 2n and u = ϕ on ∂M . Define
(4.13)
Φ =
∑
β,γ<n
Gβγ¯0 (χ˜βγ¯ + ϕ˜βγ¯) + (u− ϕ)xnν2n
∑
β,γ<n
Gβγ¯0 σ˜βγ¯ −
(m0ψ
Cαn
) 1
α
:= − (u− ϕ)xnη +Q
where η and Q are smooth. Note that Φ(0) = 0 and
(4.14)
η(0) = − ν2n(0)
∑
β,γ<n
Gβγ¯0 σβγ¯(0)
>
θ0
(u− u)xn(0)
∑
β,γ<n
Gβγ¯0 (χβγ¯(0) + uβγ¯(0))
≥ θ(1 + ǫ)ψ(0)
Cαn (u− u)xn(0)
≥ c2 > 0.
On ∂M ,
(4.15)
Φ =
∑
β,γ<n
Gβγ¯0 g˜βγ¯ −
∑
k<2n
(u− ϕ)tkνk
∑
β,γ<n
Gβγ¯0 σ˜βγ¯ −
(m0ψ
Cαn
) 1
α
≥
∑
k<2n
(u− ϕ)tkνk
∑
β,γ<n
Gβγ¯0 σ˜βγ¯ ≥ −Cρ2
since by (4.9) ∑
β,γ<n
Gβγ¯0 g˜βγ¯ ≥ G[g˜βγ¯ ] ≥
(m0ψ
Cαn
) 1
α
.
We calculate
(4.16)
∑
i,j
F ij¯Φij¯ ≤ −η
∑
i,j
F ij¯(uxn)ij¯ + C
∑
i,j
F ij¯gij¯
+
∑
i,j
F ij¯ (u− ϕ)xnzi(u− ϕ)xnz¯j .
As in [3] (see also [18]),∑
i,j
F ij¯(u− ϕ)xnzi(u− ϕ)xnz¯j ≤
∑
i,j
F ij¯(u− ϕ)ynzi(u− ϕ)ynz¯j + C
∑
i,j
F ij¯gij¯ + C.
On the other hand, differentiating equation (2.9) with respect to xn, we see that
(4.17) −
∑
i,j
F ij¯(uxn)ij¯ ≤ 2
∣∣∣∑
i,j,l
F ij¯gil¯Γ
l
nj
∣∣∣+ C∑
i,j
F ij¯gij¯ + C.
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At a fixed point choose a unitary A = {aij}n×n which diagonalizes {gij¯}. We have
(4.18)
∑
i,j,l
F ij¯gil¯Γ
l
nj =
∑
i,j,l,s,t,p,q
aisfsδsta¯
jtaipλpδpqa¯lqΓlnj
=
∑
q
fqλq
∑
j,l
a¯jqa¯lqΓlnj ≤ Cψ.
Therefore,
(4.19) −
∑
i,j
F ij¯(uxn)ij¯ ≤ C
∑
i,j
F ij¯gij¯ + C.
Applying Lemma 4.1 we derive∑
i,j
F ij¯(Av +Bρ2 + Φ− |(u− ϕ)yn|2)ij¯ ≤ 0 in M ∩ Bδ(0)
and Av + Bρ2 + Φ − |(u − ϕ)yn |2 ≥ 0 on ∂(M ∩ Bδ(0)) when A ≫ B ≫ 1. By the
maximum principle, Av + Bρ2 + Φ − |(u − ϕ)yn|2 ≥ 0 in M ∩ Bδ(0), and therefore
Φxn(0) ≥ −C. This gives
unn¯(0) ≤ C.
We now have positive lower and upper bounds for all eigenvalues of {gij¯(0)}. By
Lemma 4.2,
G[gβγ¯(0))] ≥ (1 + c0)F (gij¯(0))
for some c0 > 0. It follows that
m0 =
Cαn
ψ(0)
G[gβγ¯(0))] ≥ 1 + c0.
The proof of (1.4) is therefore complete.
5. The second order estimates
Proposition 5.1. Suppose χ ∈ Cα(ω) and let u ∈ C4(M) ∩ C2(M¯) be a solution of
equation (1.1). Then there is a uniform constant C > 0 such that
(5.1) sup
M
∆u ≤ C(1 + sup
∂M
∆u).
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Proof. Let φ be a function to be determined later and assume that weφ reaches its
maximum at some point p ∈ M where w = ∆u + trχ. Choose local coordinates
around p such that gij¯(p) = δij and gij is diagonal. At p we have
(5.2)
∂lw
w
+ ∂lφ = 0,
∂¯lw
w
+ ∂¯lφ = 0
and
(5.3)
∂¯l∂lw
w
− ∂¯lw∂lw
w2
+ ∂¯l∂lφ ≤ 0.
By (5.2) and Schwarz inequality,
(5.4)
∣∣∂lw∣∣2 = ∣∣∣∑
i
gi¯il
∣∣∣2 = ∣∣∣∑
i
(gl¯ii − T iligi¯i) + λl
∣∣∣2
≤w
∑
i
gi¯i
∣∣gl¯ii − T iligi¯i∣∣2 − 2wRe{φlλ¯l}− ∣∣λl∣∣2
where
λl =
∑
i
(
χi¯il − χl¯ii +
∑
j
T jliχji¯
)
.
Next, by (2.6) and (2.14),
(5.5)
∑
l
Sα−1;l(g
ll¯)2∂¯l∂lw =
∑
i,l
Sα−1;l(g
ll¯)2gi¯ill¯
≥
∑
i,l
Sα−1;l(g
ll¯)2gll¯i¯i − 2
∑
i,j,l
Sα−1;l(g
ll¯)2Re
{
T jliglj¯i
}
+
∑
i,j,l
Sα−1;l(g
ll¯)2T jliT
j
ligjj¯ − Cw
∑
l
Sα−1;l(g
ll¯)2
≥
∑
i,j,l
Sα−1;i(g
i¯i)2gjj¯
∣∣gij¯l − T jilgjj¯∣∣2
− Cw
∑
l
Sα−1;l(g
ll¯)2 − C.
It follows from (5.3), (5.4) and (5.5) that
(5.6)
0 ≥w
∑
i
Sα−1;i(g
i¯i)2φi¯i + 2
∑
i
Sα−1;i(g
i¯i)2Re
{
φiλ¯i
}
− Cw
∑
i
Sα−1;i(g
i¯i)2 − C.
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Let φ = eAη with η = u− u+ supM(u− u), where u ∈ C2(M¯) satisfies χu > 0 and
(2.15), and A is a positive constant to be determined. So
φi = Aφηi, φi¯i = Aφηi¯i + A
2φ|ηi|2.
Applying Schwarz inequality again,
(5.7)
2
∑
i
Sα−1;i(g
i¯i)2Re
{
φiλ¯i
}
=2Aφ
∑
i
Sα−1;i(g
i¯i)2Re
{
ηiλ¯i
}
≥ −wA2φ
∑
i
Sα−1;i(g
i¯i)2|ηi|2 − Cφ
w
∑
i
Sα−1;i(g
i¯i)2.
Finally, by (5.6) and (5.7),
(5.8) wA
∑
i
Sα−1;i(g
i¯i)2ηi¯i ≤
C
φ
+ C
( 1
w
+
w
φ
)∑
i
Sα−1;i(g
i¯i)2.
From Lemma 2.1, this gives a bound w ≤ C at p for A sufficiently large. 
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